In this paper we study the class of operators A ∈ L(H) which have the following property: AT A = T implies AT * A = T * for all trace class operators T ∈ C 1 (H). Such operators are termed generalized quasi-adjoints. The main result is the equivalence between this character and the fact that the ultraweak closure of the range of ∆ A is closed under taking adjoints. We give a characterization and some basic results concerning generalized quasi-adjoints operators.
Introduction
Let H be a separable infinite dimensional complex Hilbert space and let L(H) denote the algebra of all bounded linear operators on H into itself. Given A, B ∈ L(H), we define the elementary operator ∆ A,B as If A = B, we write simply ∆ A for ∆ A,A . The properties of elementary operators, their spectrum (see [9] , [10] , [12] ), norm ( [15] , [17] and [18] ) and ranges ( [1] , [2] , [3] , [4] , [6] , [12] , [13] , [14] , and [16] ) have been studied intensively, but many problems remain open [12] .
In particular, L. Fialkow [12] and Z. Genkai [14] studied the problem of characterizing operators A, B ∈ L(H) for which R(∆ A,B ), the range of ∆ A,B , is dense in L(H) in the norm topology.
Our aim in this paper is a modest one. In the first section, we provide a characterization of the case when the range R(∆ A,B ) is weakly and ultraweakly dense in L(H). Complementary results related to the range of the elementary operator ∆ A,B are also given.
An operator A ∈ L(H) is said to be quasi-adjoint if the norm closure of the range of ∆ A is closed under taking adjoint, i.e. R(∆ A ) = R(∆ A * ) = R(∆ A ) * . In [4] it is proved that if A is quasi-adjoint, then AT A = T implies AT * A = T * for every trace class operator T ∈ C 1 (H). In order to generalize these results, we initiate the study of a more general class of operators A that have the following property:
We call such operators generalized quasi-adjoint operators. In the second section, We give a characterization and some basic properties concerning this class of operators. Finally, we pose and mention some open questions suggested by our results.
Notation and definitions
(1) Let L(H) be the algebra of all bounded linear operators acting on a complex separable Hilbert space H, let K(H) denote the ideal of all compact operators on H, and let B(H) be the class of all finite rank operators. Finally, let C(H) = L(H) K(H) denote the Calkin algebra.
(2) Given A, B ∈ L(H), R(∆ A,B ) will denote the range of the elementary operator ∆ A,B and ker(∆ A,B ) the kernel of ∆ A,B .
Let R(∆ A,B ) be the norm closure, then R(∆ A,B ) w will denote the weak closure, and R(∆ A,B )
w * the ultra-weak closure of the range R(∆ A,B ). (3) Let C 1 (H) be the ideal of trace class operators. The ideal C 1 (H) admits a complex valued function tr(T ) which has the characteristic properties of the trace of matrices. The trace function is defined by tr(T ) = n T e n , e n , where (e n ) is any complete orthonormal system in H.
(4) As a Banach space, C 1 (H) may be identified with the conjugate space of the ideal K(H) of compact operators by means of the linear isometry T −→ Φ T , where Φ T (X) = tr(XT ). Moreover, L(H) is the dual of C 1 (H). The ultra-weak continuous linear functionals on L(H) are those of the form Φ T for some T ∈ C 1 (H), and the weak continuous linear functionals on L(H) are those of the form Φ T where T ∈ B(H).
(5) If ϕ is a linear functional on L(H), then ϕ * , the adjoint of ϕ, is defined by
(6) Recall that for x, y ∈ H, the operator x ⊗ y ∈ L(H) is defined by (x ⊗ y)z = z, y x for all z ∈ H. P r o o f. This is an easy consequence of the bipolar theorem.
′ (H) into a trace form part and a functional vanishing on
• and we
Indeed, let x, y ∈ H, then we have
It follows that T Ax, B * y = T x, y ,
for all x, y ∈ H and hence
for all finite rank operators X. Since the class of finite rank operators is dense in L(H) relative to the ultra-weak operator topology, it follows that Φ T ∈ R(∆ A,B )
• .
This implies that
Conversely, the preceding computation shows that if BT A = T and T ∈ C 1 (H), then
• . The proof is complete.
Corollary 2.3. Let A, B ∈ L(H).
Then the following statements are equivalent:
P r o o f. The negation of (1) and (3) is equivalent to the fact that there exists a nonzero ultraweakly continuous linear form Φ T such that Φ T ∈ R(∆ A,B )
• . By
Theorem 2.2 this occurs if and only if R(∆
• . It follows from Lemma 2.1 that the last condition is equivalent to K(H) ⊂ R(∆ A,B ).
and S
To establish the converse inclusion, we consider any
such that ϕ(S) = 0 and prove that ϕ(K) = 0. By Theorem 2.2, the canonical
On the other hand,
It follows that Φ T * vanishes on the range of ∆ B,A . In
(2) It suffices to replace B(H) with C 1 (H) in the above proof. 
a weakly continuous linear form that vanishes on R(∆ A ). Then it is easy to see that
For the converse implication we reverse the above argument. 
Generalized quasi-adjoint operators
Definition 3.1. Let A ∈ L(H). We say that the operator A is quasi-adjoint if
Theorem 3.3. If A ∈ L(H) the following statements are equivalent: (1) A is quasi-adjoint. (2) (i) The element [A] of the Calkin algebra is quasi-adjoint, and
(
• . Since A is quasi-adjoint, it follows from the above Remark that Φ * ∈ R(∆ A )
• and consequently
Since A is quasi-adjoint, it follows that (Φ T )
• , from which we get
• . We can write Φ = Φ • + Φ T , where
• . Let ϕ be the linear functional on the Calkin algebra defined by ϕ(
The set of generalized quasi-adjoint operators is denoted by Q • (H).
w * is selfadjoint. It follows from Theorem 2.2 that
Consequently, we get
(ii) It follows immediately from the definition.
(ii) Every normal operator is generalized quasi-adjoint. (iii) Every cyclic subnormal operator is generalized quasi-adjoint.
P r o o f. The result of [7] guarantees that for every T ∈ C 1 (H) we get that R(T ) reduces A, and (ker T )
⊥ reduces A and the restrictions A R(T ) and A (ker T ) ⊥ are unitarily equivalent to unitary operators. Put and A|(ker T ) ⊥ are normal operators.
P r o o f. We omit the proof which may be based entirely on the proof of the well known Lemma [8] . Then we have
Analogously,
and by the functional calculus both operators |T | and |T * | commute with A. Hence, we get A|T | = |T |A and A|T * | = |T * |A.
Conversely, the conditions A|T | = |T |A and ∆ A (U ) = 0 imply that AT A = T . Since A commutes with |T | and |T * |, it follows from the Fuglede-Putnam Theorem that R(T ) and (ker T ) ⊥ reduce A, and the restrictions A 1 = A|R(T ) and A 
